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Abstract The Laplacian in spherical coordinates contains the squared radial momentum 
operator = —r^^d^ r , which is Hermitian and positive. However as has been pointed out by 
various authors the "radial momentum operator" Pr = —ir^^d^r is not Hermitian. The positive 
square root operator p+ such that {p'^)'^ = pf. is found and its inverse Ip^l^""^ . We discuss the 

' relation of these operators with Fourier transforms, the Hilbert transform and fractional integral 

' operators. 

(N ■ 

• I. Introduction 

Radial momentum operators naturally arise in quantum mechanics whenever the Hamiltonian 
contains a radial potential term. In spherical coordinates 

> 

, where L is the angular momentum operator. The squared radial momentum operator 

O 

m: pl = -r-^d^r (1) 

O 

' is positive and Hermitian with respect to the usual scalar product space in spherical coordinates 



(0J0,>= / / 0*</>^ r^drdn. (2) 
Jq Jo 



^ ' The bounded eigenfunctions of p^ satisfying 

pI^ = k^<l^ (3) 

•i-H 

^ ■ are 

_C3 I (j)k =su\{kr)/r. (4) 

The singular functions [cos(fcr)/r] are excluded as solutions of — = k'^4> because 

— [cos(/cr)/r] results in a 5 function at the origin as was pointed out by Dirac (pl54 of [1]), 

so one imposes the boundary condition [1] 

r0 = for r = . (5) 

The necessity of this boundary condition arises from the singular nature of the spherical coor- 
dinate system at the origin. 

Various authors have pointed out that the operator 

1 r r 

Pr = -ir^^drT ^ -\- ■ (-i V) + (-i V) • -1 

2 L .J, J. J 
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is not Hermitian despite its symmetric structure: the underlying reason being that the radial 
integration within the scalar product (2) is over the half axis instead of the whole axis. Sup- 
posing for the moment that Pr is Hermitian, then there exists the unitary operator [exp(mpr)] 
generating the transformation r ^ r — a , so the spectrum of r must extend from — cxo to oo 
which is clearly false as r is bounded below [2]. And the displacement r — > r — a is clearly un- 
physical as it would tear a hole at the origin. For an extensive discussion of the non-Hermiticity 
of Pr , see [3] . 

For a positive Hermitian operator such as there exists a unique square root Hermitian 
operator which we will call p+ such that p+ p+ = p'^ and p+ is positive. To simplify matters 
we will eliminate the measure in the scalar product (1) by making the substitution 

0(r) = x(r)/r , 

then the eigenvalue equation (3) is simply 

and the scalar product space is L^(0, oo) : 

/■oo 

(Xi IX2)r = / X*X2 (6) 

with the boundary condition corresponding to (5) 

X(0) = 0. (7) 

Once we have found the square root operator of —d^ which we will call , which is Hermitian 
with respect to the space (6), then 

p+^i^z+r). (8) 
We will show that the required operator 2:+ is 

Z+ ^Hedr ^ - drHo (9) 

where He, Ti-o are the Hilbert transforms of even, odd functions defined by 





00 



.2 _^2 



2 r tm_ 
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the integral being a Cauchy principle value. It is known that Tie is the Fourier sine transform 
of the Fourier cosine transform, while Tio is the Fourier cosine transform of the Fourier sine 
transform, i.e. 

(10) 

— ^ z-F s 



where 



Tsf{r)= \\- \ fit) sinirt)dt 



'0 
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Noting the operator identities 



(11) 



then substituting (10) and (11) into (9) we obtain 

Z+ = Hedr = J^sJ^cdr = J^s r J^s ■ (12) 

And 

{z+f = (^, r ) (^« r ) = r2 = - 52 (13) 

which demonstrates the required property {z^)'^ = — 9^ . For (12) we have used the identity 
Ts^s = \ = J-c^c- The result (12) can also be obtained more directly from (9) using the 
identity Tie Ti-o — Ti-o Ti-e — 1 • 

Eigenf unctions of z^ 

It can be verified that the eigenfunction sin(A;r) of (— d^) is also an eigenfunction of 2;+ , as 

z^ sm{kr) = He dr sm{kr) — kHe cos{kr) = k sin(A;r) , A; > 0. 

Note that cos(fcr) is not an eigenfunction of z^ , in fact 

2k 

z^ cos(Ar) — — kHe sin(fcr) — — [sin(A;r) Ci {kr) — cos{kr) Si (fcr) ] . 

TT 

z^ is a positive operator 

The fact that positive Hermitian operator can be seen from the result (12) which is 

z+ = TsrTs- The operator is Hermitian with respect to the !?'{{]. 00) space (6), which 
can be shown by writing out ( V' X ) • then changing the order of integration, i.e. 



Jo Uo 



sin(rt) x(i) dt 



foo r foo 

— I x{t) / il)* {r) %\n(rt) dr 
Jo Uo 



dr 

dt ^{J^^i/j\x] 



Then using (14) 



( X I X ) = ( X I -^s »^ -^^^ X ) = {Vr:Fsx \ VrJ^s X > > . 



(14) 



(15) 



The inverse of z^ 

Every positive operator has an inverse which is also positive. Prom (12) we see that 



{4) 



•J R ^ S • 



which is clearly positive by similar reasoning to (15). Writing out (16) 

{z^)~^ x{i^) ^ / dt sin{rt) - / siii{ut) x{u) du 
Jo t Jo 

and carrying out the integration with respect to t we obtain 

1 f°° 



r — u 



X{u) du. 



(16) 
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{z^)^^ in terms of the fractional integral operators 

Erdelyi [4] and Kober [5] established relations between the Hankel transforms (of which !Fs, 
are special cases) and the so-called fractional integral operators (sometimes called Erdelyi-Kober 
operators after their originators). In particular 

(2+)-i = ^,1^, =r/CJ (17) 



(18) 



where the Erdelyi-Kober operators X, K, are defined by 

I/(r) = ^ f u{l- u^)-^''^f{ur) du 
Jo 

JCfir)^^ / (u'-l)-'/' f{ur)du. 
Ji 

Due to the Hermitian conjugate relations [4] 

(r/C)t=rJ (rJ)t=r/C 

then 

{i,\{z+r\) =(V'K/CJx> ={rl^\lx) (19) 

which is another way of showing that {z^)^^ is positive. If we insert the eigenf unctions of z^ 
into (19), with x — sin(fcr), ip — sin(fc'r) , and as 

X sin(fcr) — y/n Ji{kr) 

we arrive at 

( sin(A;V)| (z+)-isin(fcr)> = tt {r Ji{k'r) \ Ji{kr)) =^5{k-k') 

K 

which is an interesting relation between the orthogonality of sine functions and Bessel functions. 
The operators X, /C are invertible, for a succinct introduction to these operators see chapter 2 
of [6]. Rooney [7] used the operator identities 

r r 

to investigate the ranges of He, Tig ■ 

Conclusion 

While there has been discussion in the literature of the Pr operator and its non-Hermiticity, 
the p+ operator 

Pr — - r — - He drr 
r r 

appears to be little known. Unfortunately the p+ operator has no simple commutation re- 
lation with r . A possible application of this operator is in light-cone quantum theory, where 
the Hamiltonian contains an inverse radial momentum operator - see [2] which addresses this 
problem and the references therein, or the original work by Dirac [8]. 
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